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ON S-ARMENDARIZ RINGS

MOHAMED CHHITI AND SALAH EDDINE MAHDOU

ABSTRACT. In this paper, we introduce a new class of rings called S-
Armendariz rings, which is a weak version of Armendariz rings. Any Ar-
mendariz ring is naturally an S-Armendariz ring, and when S C U(R),
these two classes coincide. We study the transfer of this notion to various
contexts of commutative ring extensions such as direct product, trivial
ring extensions and amalgamated algebras along ideals. Our results gen-
erate new families of examples of non Armendariz S-Armendariz rings.
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1. INTRODUCTION

Throughout this paper, all rings are assumed to be commutative with
nonzero identity and all modules are nonzero unital. Let R denote such a
ring, and let Reg(R), Z(R), U(R) and R[X] denote the set of all regular
elements of R, the set of all zero-divisors of R, the group of units of a ring
R, and the polynomial ring over R, respectively. By a “local” ring we mean
a (not necessarily Noetherian) ring with a unique maximal ideal.

Let R be a commutative ring. The content C(f(X)) of a polynomial
f(X) € R[X] is the ideal of R generated by all coefficients of f(X). One
of its properties is that C(.) is semi-multiplicative, that is C(f(X)g(X)) C
C(f(X))C(g(X)); and a polynomial f(X) € R[X] is said to be Gaussian
over R if C(f(X)g(X)) = C(f(X))C(g(X)) for every polynomial g(X) €
R[X]. A polynomial f(X) € R[X] is Gaussian provided C(f(X)) is lo-
cally principal by [28, Remark 1.1]. A ring R is called a Gaussian ring if
C(f(X)g(X)) =C(f(X))C(g(X)) for any polynomials f(X), g(X) with co-
efficients in R. A domain is Gaussian if and only if it is a Priifer domain.
See for instance [3, 7, 8, 25, 28].

In [40], Rege and Chhawchharia introduced the notion of an Armen-

m
dariz ring as a ring R such that, for all polynomials f(X) = Z a; X" and
=0

n
g(X) = Zb,-Xi € R[X] satistying f(X)g(X) = 0, we have a;b; = 0 for all
i=0
i and j (that is C(f(X))C(g(X)) = 0). It is easy to see that subrings of
Armendariz rings are also Armendariz. E. Armendariz ([5, Lemma 1]) noted
that any reduced ring (i.e., a ring without non-zero nilpotent elements) is
an Armendariz ring. Also, D.D. Anderson and V. Camillo ([3]) showed that
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a ring R is Gaussian if and only if every homomorphic image of R is Ar-
mendariz. See for instance [3, 4, 5, 6, 8, 22, 28, 32, 35, 40].

In [1], Anderson and Dumitrescu introduced the concept of S-finite mod-
ules, where S is a multiplicatively closed subset, as follows: an R-module F
is called an S-finite module if there exist a finitely generated R-submodule
L of E and s € S such that sE C L. Also, they introduced the concept
of S-Noetherian rings as follows : a ring R is called S-Noetherian if every
ideal of R is S-finite. Recently, in [9], Bennis and El Hajoui investigated
the S-versions of finitely presented modules and coherent modules which
are called, respectively, S-finitely presented modules and S-coherent mod-
ules. An R-module M is called an S-finitely presented module for some
multiplicatively closed subset S of R if there exists an exact sequence of
R-modules 0 - K — F — M — 0, where F is a finitely generated free
R-module and K is an S-finite R-module. Moreover, an R-module M is
said to be S-coherent if it is finitely generated and every finitely generated
submodule of M is S-finitely presented. They showed that the S-coherent
rings have a characterization similar to the classical one given by Chase for
coherent rings (see [9, Theorem 3.8]). Any coherent ring is S-coherent and
any S-noetherian ring is S-coherent. Suitable background on S-Noetherian
property is [1, 9, 10, 26, 27, 33, 34, 41].

Let R be a ring and E be an R-module. Then R x E, the trivial
ring extension of R by F, is the ring whose additive structure is that
of the external direct sum R & E and whose multiplication is defined by
(r1,e1)(re,e2) := (rire,r1eg + roeq) for all r1,79 € R and all e1,eq € FE.
The basic properties of trivial ring extensions are summarized in the books
[23, 29]. For the reader’s convenience, recall that if I is an ideal of A and E’
is a submodule of F such that IE C E’, then J := I o< E’ is an ideal of R;
ideals of R need not be of this form [31, Example 2.5]. However, prime (resp.,
maximal) ideals of R have the form P « E, where P is a prime (resp., maxi-
mal) ideal of A [29, Theorem 25.1(3)]. If (4, M) is a local ring with maximal
ideal M and E an A-module with M E = 0, then R := A « F is local total
ring of fractions from [31, Proof of Theorem 2.6]. Mainly, trivial ring exten-
sions have been useful for solving many open problems and conjectures in
both commutative and non-commutative ring theory. Suitable background
on commutative trivial ring extensions is [2, 7, 17, 18, 19, 23, 29, 30, 31, 36].

Let A and B be two rings with identity, let J be an ideal of B and let
f: A — B be a ring homomorphism. In this setting, we can consider the
following subring of A x B:

Al J:={(a,f(a)+j)|ac A jeJ}

called the amalgamation of A and B along J with respect to f. This con-
struction is a generalization of the amalgamated duplication of a ring along
an ideal (introduced and studied by D’Anna and Fontana in [14, 15, 16]).
The interest of amalgamation resides, partly, in its ability to cover several
basic constructions in commutative algebra, including pullbacks and trivial
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ring extensions (also called Nagata’s idealizations) (cf. [39, page 2]). More-
over, other classical constructions (such as the A + X B[X], A + XB[[X]],
and the D + M constructions) can be studied as particular cases of the
amalgamation ([12, Examples 2.5 and 2.6]) and other classical construc-
tions, such as the CPI extensions (in the sense of Boisen and Sheldon [11])
are strictly related to it ([12, Example 2.7 and Remark 2.8]). In [12], the
authors studied the basic properties of this construction (e.g., characteriza-
tions for A >/ J to be a Noetherian ring, an integral domain, a reduced ring)
and they characterized those distinguished pullbacks that can be expressed
as an amalgamation. Moreover, in [15], they pursued the investigation on
the structure of the rings of the form A >/ J, with particular attention to
the prime spectrum, chain properties and Krull dimension. See for instance
[12, 13, 14, 15, 16, 18, 20, 21, 37, 38].

In this paper, we introduce a new class of rings called S-Armendariz
rings. Any Armendariz ring is naturally an S-Armendariz ring, and when
S C U(R), these two classes coincide. We study the transfer of this notion
to various context of commutative ring extensions such as direct product,
trivial ring extensions and amalgamated algebras along ideals. Our results
generate new families of examples of non Armendariz S-Armendariz rings.

2. MAIN RESULTS

Definition 2.1. Let R be a ring and S be a multiplicatively closed subset of
m

R. Then R is called S-Armendariz if, for all polynomials f(X) = ZaiXi
i=0

and g(X) = ijXj in R[X] such that f(X)g(X) = 0, then for all i,7,
=0
there exists s € S such that sa;b; = 0.

Any Armendariz ring is naturally S-Armendariz, and if S C U(R), these
two classes coincide.

Now, we give an example of a non-Armendariz S-Armendariz ring.

Example 2.2. Let A be an Armendariz ring, B be a non-Armendariz ring
and set S := {(1,1),(1,0)}, which is a multiplicatively closed subset of Ax B.
Then:

(1) A x B is an S-Armendariz ring.
(2) A x B is not an Armendariz ring.

Proof.
(1) Let f(X) =) (ai,e;)X" and g(X) = > (bj, f;)X7 in (A x B)[X]
i=0 j=0

such that f(X)g(X) = 0, where m and n are positive integers. Set
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ZaZX’ e A[X], fo(X Zezx € BIX], g1(X) =
=0 =0

> b X7 € A[X] and g2(X) = f; X7 € B[X]. We have

: =

0 = f(X)g9(X)
= (A(X)g1(X), 92(X) f2(X))

which imply that f1(X)g1(X) = 0. Hence, a;b; = 0 for each 4,
since A is Armendariz. Therefore, (1,0)(a;, €;)(b;, f;) = (0,0) which
means that A X B is an S-Armendariz ring since (1,0) € S.

(2) A x B is not an Armendariz ring by [6, Proof of Theorem 2.6] since
B is not an Armendariz ring, as desired. 0

Now, we study the transfer of S-Armendariz property to a direct product
of rings.

Theorem 2.3. Let S; be a multiplicatively closed subset of a ring R; for each
1=1,...,n, set R := HRi and S = H Si, which is a multiplicatively closed

i=1 i=1
subset of R. Then R is S-Armendariz if and only if R; is S;-Armendariz
for eachi=1,...,n.
Proof. By induction, it suffices to show the proof for n = 2. Assume
that Ry x Rg is an (S7 x S2)-Armendariz ring. We show that R; is an S;-
Armendariz ring (it is the same for Ry).
m n

Let f(X) = ZaiXi and g(X) = ZbiXi be two polynomials in Rq[X]
=0 =0
such that f(X)g(X) = 0, where m and n are positive integers. Set f1(X) =
D (ai,0)X" and g1(X) = (b;,0)X" (€ (Ry x Rp)[X]). We have
i=0 1=0
H(X)g(X) = (f(X)g(X),0)
(0,0).

Hence, for each i, j, there exists (s1, s2) € S1x 52 such that (s1, s2)(a;,0)(b;,0) =

(0,0) since Ry x Ry is an (51 x S2)-Armendariz ring. Therefore, sja;b; =0
and this shows that R; is an Si-Armendariz ring.

Conversely, assume that R; is an S;-Armendariz rings for ¢ = 1,2. Let
m n

X) = Z(ai, e;)) X and g(X) = Z(bj, £7)X7 be two polynomials in (R x

=0 §=0
R9)[X] such that f(X)g(X) =0, where m and n are positive integers Set
AX) =) aX' € Ri[X], fo(X) =D e X' € Ro[X], g1 (X Zb X e

=0 =0



On S-Armendariz rings

Ry[X] and go(X) = ) f;X7 € Ry[X]. We have
j=0
0 f(X)g(X)

= (i(X)g1(X), f2(X)g2(X))

which implies that f1(X)g1(X) = 0 and f2(X)g2(X) = 0. Hence, for each
i,7, there exists s; € S1 and sy € S such that sja;b; = 0 and saze; f; =0
since Ry, is an Si-Armendariz rings for k = 1,2. Hence, (s1, s2)(ai, €:)(bj, f) =
(0,0) and this completes the proof of Theorem 2.3.

Using Theorem 2.3 in the case when S; C U(R;) for each i = 1,...n, we
regain the result [6, Theorem 2.6].

n
Corollary 2.4. Fori=1,...,n, let R; be a ring and set R := HRi' Then
i=1
R is Armendariz if and only if R; is Armendariz for each i =1,...,n.

Next, we study the transfer of S-Armendariz property to localization.

Theorem 2.5. Let R be a ring and S be a multiplicatively closed subset of
R. Then :

(1) If R is an S-Armendariz ring, then S™'R is an Armendariz ring.

(2) If R is an S-Armendariz ring, then Ry is an Armendariz ring for
each M € Maxz(R) such that S C R— M.

(3) Let M € Max(R) and set S := R—M. Then, R is an S-Armendariz
ring if and only if Ry is an Armendariz ring.

Proof.
m
(1) Assume that R is an S-Armendariz ring and let f(X) = ZaiXi
=0
and g(X) = Z b; X7 be two polynomials in R[X] such that

§=0
(f(X)/1)(9(X)/1) = 0 in S~LR[X]. Hence, there exists s; € S such
that s1f(X)g(X)(= (s1f(X))g(X) = 0. Therefore, for each 4,j,
there exists sp € S such that sa(sia;)bj(= (s251)asb;) = 0 (since
R is an S-Armendariz ring and s1f(X),¢g(X) € R[X] such that
(s1£(X))g(X) = 0). Hence, (a;/1)(bj/1) = 0 in S™'R, which means

that S™'R is an Armendariz ring.
m

(2) Assume that R is an S-Armendariz ring and let f(X) = ZaiXi
=0
and g(X) = Z b; X? be two polynomials in R[X] such that

(f(X)/l)(g(g(z)O/l) = 0 in Ry[X]. Hence, there exists c € R — M
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such that cf (X)g(X)(= (cf(X))g(X)) = 0. Therefore, for each 1, j,
there exists s € S such that s(ca;)bj(= (sc)a;b;) = 0 since R is
an S-Armendariz ring. But, sc € R — M since ¢ € R — M and
s€ S CR— M. Hence, (a;/1)(b;j/1) =0 in Ry, as desired.

(3) Let M € Maxz(R) and set S := R— M. If R is an S-Armendariz
ring, then Ry;(= S™'R) is an Armendariz ring by (1). Conversely,
assume that Rp;(= S™'R) is an Armendariz ring and let f(X) =

m n

ZaiXi and g(X) = ijXj be two polynomials in R[X] such
=0 §=0

that f(X)g(X) = 0. Hence, (f(X)/1)(g(X)/1) = 0 in Ry[X] and
so for each 4,7, (a;/1)(b;/1) = 0 since Ry is an Armendariz ring.
Therefore, there exists s € S(= R— M) such that sa;b; = 0 and this
completes the proof of Theorem 2.5. (]

Using Theorem 2.5 in the case when S C U(R), we obtain :

Corollary 2.6. If R is an Armendariz ring, then Rps is an Armendariz
ring for each M € Maz(R).

A ring R is called a PF-ring if the principal ideals of R are flat (see
(23, 24]). Recall that R is a PF-ring if and only if R is a domain for every
prime (resp., maximal) ideal @ of R. For example, any domain, any ring
R with wgl.dimR < 1 and any semihereditary ring is a PF-ring (since a
localization of a ring R with wgl.dimR < 1 (resp., semihereditary) is always
locally a domain). See for instance [23, 24, 29].

Using Theorem 2.5(3), we have :

Corollary 2.7. Any PF-ring is S-Armendariz for every multiplicatively
closed subset S := A — M, where M is a maximal ideal of R.

We call a ring R a P-Armendariz ring if it is (R\P)-Armendariz, where
P is a prime ideal of R. We have the following characterization.

Proposition 2.8. Let R be a ring. Then the following statements are equiv-
alent:

(1) R is Armendariz.
(2) R is P-Armendariz for every prime ideal P of R.
(3) R is M-Armendariz for every mazimal ideal M of R.

Proof. (1) = (2) Straightforward.
(2) = (3) Straightforward.
(3) = (1) Assume that R is M-Armendariz for every maximal ideal M of R

and let f(X) = ZaiXi and g(X) = ijXj be two polynomials in R[X]
i=0 j=0
such that f(X)g(X) =0.
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Let i = 1,...,m and j = 1,...,n, we claim that a;b; = 0. Deny. Assume
that a;b; # 0 and set I := Ann(a;b;) which is an ideal of R such that 1 ¢ I.
Hence, there exists a maximal ideal M such that I C M. Therefore, by (3),
there exists s € R\ M such that sa;b; = 0 and so s € I(= Ann(a;b;)) € M,
a desired contradiction.

Hence, a;b; = 0 and so R is Armendariz. O

Now, we study the transfer of S-Armendariz property in trivial ring ex-
tension.

Let A be a ring, F be a nonzero A-module and R := A « FE be the trivial
ring extension of A by E. If S is a multiplicative closed subset of R, then
So={a € Al (a,e) €S for some e € E} is a multiplicatively closed subset
of A. In particular, Sy ox 0 and Sy o< E are multiplicatively closed subsets
of R for every multiplicative set Sy of A.

Theorem 2.9. Let A, E, R, S and Sy as above. Then:

(1) If R is an S-Armendariz ring, then A is an So-Armendariz ring.

(2) Assume that, for each y € E, there exists sg € So such that soy =
0. Then, R is an S-Armendariz ring if and only if A is an Sp-
Armendariz ring.

(3) Assume that (A, M) be a local ring and E be an A-module such that
ME = 0. Then, R is an S-Armendariz ring if and only if A is an
So-Armendariz ring.

(1) Assume that R(= A « E) is an S-Armendariz ring and let f4(X) =

m n
ZaiXi and ga(X) = ijXj be two polynomials in A[X] such
=0 §=0

that f4(X)ga(X) = 0, where m and n are positives integers. Set
f(X) = Em:(ai,())Xi and ¢g(X) = i(bj,O)Xj be two polynomials
in R[X]. z(:J?early, =

f(X)g(X) = (fa(X)ga(X),0)

= (07 0)

and so for each ¢, j, there exists (sg, €) € S such that (s, €)(a;, 0)(b;,0)(=
(s0asb;,0)) = (0,0) since R is an S-Armendariz ring. Therefore,
s0a;b; = 0, as desired.

(2) Assume that, for each y € E, there exists so € Sy such that sgy = 0.
If R is an S-Armendariz ring, then A is an Sp-Armendariz ring by 1).

Conversely, assume that A is an Sp-Armendariz ring and let f(X) =
m

Z(ai,ei)Xi and g(X) = Z(bj, £1)X? be two polynomials in R[X]
=0 §=0
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m

such that f(X)g(X) = 0. Set fa(X) = ZaiXi and ga(X) =
. | =0

Z b; X7 to be two polynomials in A[X]. We have, f4(X)ga(X) =0
§=0

(since f(X)g(X) = 0) and so for each i, j, there exists so € Sp such
that spa;b; = 0 since A is an Sp-Armendariz ring. Let e € E such
that (sg,e) € S. Hence,

(s0,€)(ai, e)(bj, ;) = (soaibj,y))
= (0,y)

for some y € E. By hypothesis, let s; € Sy such that s;y = 0 and
let ¢/ € E such that (s1,¢') € S. Therefore,

(Sl’e/>(57e)(ai’ei)(bj’fj) = (Sl’e/)wvy)
- (07 Sly)
= (07 0)

as desired since (s1,¢’)(s,e) € S.
(3) Assume that (A, M) is a local ring and FE is an A-module such that
MFE = 0. Two cases are then possible.
Case 1: So CA— M(=U(A)).
In this case, S C U(R) and the context of S-Armendariz and
Armendariz coincide and we obtain the result by [6, Theorem 2.1].
Case 2: Sg & A— M(=U(A).
In this case, SN M # 0 and we obtain the result by (2) since
ME = 0 and this completes the proof of Theorem 2.9. O

Now, we can construct a class of a non-Armendariz S-Armendariz rings.

Example 2.10. Let (Ag, My) be any local ring and Sy be any multiplicatively
closed subset of Ay such that Ay is So-Armendariz (for instance, take Ay as
an integral domain and so it is Armendariz). Set A = Ay x (Ao/Mp) as a
local ring with mazimal ideal M = My x (Ag/Mo) and set R := A < (A/M)
as a local ring with maximal ideal M x (A/M). Set S; := Sy x 0, which
1s a multiplicatively closed subset of A and set S := S1 o 0, which is a
multiplicatively closed subset of R. Then:

(1) R is an S-Armendariz ring.
(2) R is not an Armendariz ring.

Proof.

(1) Thering Ais Si-Armendariz by Theorem 2.9 since Ag is So-Armendariz.
Therefore, R is S-Armendariz by Theorem 2.9 since A is S7-Armendariz,
as desired. -

(2) Our aim is to show that R is not Armendariz. Let f(X) = ((0,1), (0,0))+
((0,0), (1,0))X and g(X) = ((0,1),(0,0)) + ((0,0), (—1,0)) X be two
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polynomials in R[X]. We easily check that f(X)g(X) = 0 and
((0,1),(0,0))((0,0), (—1,0)) = ((0,0), (0, 1)) # Og, as desired. O

Our next theorem states necessary and sufficient conditions under which
the amalgamated algebra A >4/ J is an S-Armendariz ring.

Throughout this result, we consistently apply the following assumptions
and notations: f : A — B be a ring homomorphism, J be an ideal of B,
Apaf J be the amalgamation of A with B along J with respect to f, Sy be
a multiplicatively closed subset of A and we put S := {(s, f(s)) | s € So}.
Clearly, S and f(Sp) are multiplicatively closed subsets of A >/ .J and
f(A)+ J (and B), respectively.

Now we come to the last main result of this paper.

Theorem 2.11. Let A, B, f, J, A</ J, Sy and S as above. Then:

(1) If A</ J is an S-Armendariz ring, then A is an So-Armendariz
ring.

(2) If A is an Sy-Armendariz ring and f(A)+J is an f(So)-Armendariz
ring, then Aval J is an S-Armendariz ring.

(3) Assume that J is a regular ideal of B. Then A vaf J is an S-
Armendariz ring if and only if A is an Sp-Armendariz ring and
f(A) + J is an f(So)-Armendariz ring.

Proof.

m
(1) Assume that A >t/ J is S-Armendariz and let fa(X) = Z a; X7 and
i=0

n
ga(X) = Z b; X7 be two polynomials in A[X] such that fa(X)ga(X) =

j=0
0. Set F(X) = (a;, f(a:))X" and G(X) = (bj, f(b;))X7. Then
i=0 j=0
m+n
FX)G(X) = > (Y (aibj, flaib;))X*
k=0 i+j=k
m—+n
= D (D by, Y flaib))x*
k=0 i+j=k it+j=k
m-+n
= D (Y ab f( Y ab)Xk
k=0 itj=k i+j=k

Hence F(X)G(X) = 0 and so for every 1, j, there exists (s, f(s)) €
S such that (s, f(s))(ai, f(ai))(b;, f(b;)) = 0 since A </ J is S-
Armendariz. Thus, sa;b; = 0 and consequently A is Sp-Armendariz.
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(2) Assume that A is an Sp-Armendariz ring and f(A) + J is an f(So)-
m
Armendariz ring and let F(X) = Z(ai, f(a;) +7:)X" and G(X) =

i=0
Z bj, f(b;) + k;) X7 be two polynomials in (A </ J)[X] such that
7=0
F(X)G(X) = 0. Set f(X) =Y _(f(ai)+ji) X", gn(X) = > _(f(
i=0 3=0
m
k) X7, fa(X) =) aiX7 and ga(X Zb X7 Then F(X)G(X) =
=0 =0

0 implies that f4(X)ga(X) = 0 and fB(X)gB(X) = 0. Hence, for
each i, j, there exists s, s’ € Sy such that sa;b; = 0 and f(s")(f(a:) +
Ji)(f(bj) + kj) = 0 since A is an Sp-Armendariz ring and f(A) + J
is an f(Sp)-Armendariz ring. Without loss of generality, we may as-
sume that s = s since ss’'a;b; = 0 and f(s)f(s")(f(a:i) + ji) (f(b;) +
Kj) = 0. Therefore, (s, £())(ai, /(@) + j:)(bj. £ (b5) + &) = (0,0)
and so A >af J is S-Armendariz.

(3) By (1) and (2), it remains to show that if A >/ J is S-Armendariz,
then f(A) + J is an f(Sp)-Armendariz.
Assume that J is a regular ideal of B and A p</ J is S-Armendariz.

n

Let fa(X Z(f(az + ) X" and ga(X) = Z(f(b-) + k)XY
=0
be two polynomials in (f(A) + J)[X] such that ng;lX) A(X) =0
and let e be a regular element of J. Set F(X Z (0,e(f(as) +
=0
Ji)X? and G(X) = Z(o e(f(b;) + k;))X7. Clearly
7=0

m—+n
FX)GX) = > (D (0.3(f(ai) + i) (f (b)) + ky)) X*

k=0 i+j=k

m—+n

= > 0,€® > (flai) +3) (f(by) + ky)) X*
k=0 i+j=k

= 0.

Thus, for each i, j, there exists (s, f(s)) € S such that (s, f($))(0,e(f(a;)+

Ji))(0,e(f(b;) + kj)) = 0 since A b/ J is S-Armendariz. Hence,
F(s)e?(f(ai)+4:)(f(bj)+k;) = 0 and so f(s)(f(ai)+7:)(f(bj)+k;) =

0 (since e is a regular element of .J), completing the proof of Theorem
2.11. O

The following corollary follows immediately from Theorem 2.11, which
examines the case of the amalgamated duplication and gives a complete
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characterization.

Corollary 2.12. Let A be a ring, I be an ideal of A, Sy be a multiplicatively
closed subset of A, A< I be the amalgamated duplication of A along I and
set S ={(s,8) | s € So}. Then, A1 is an S-Armendariz ring if and only
if A is an So-Armendariz ring.

Now, we give a new example of a non-Armendariz S-Armendariz ring by
using amalgamated duplication.

Example 2.13. Let A be a non-Armendariz So-Armendariz ring, where Sy
is a multiplicatively closed subset of A, and let I be any ideal of A. Then:

(1) A > I is an S-Armendariz ring by Corollary 2.12, where S =
{(s,8)/s € So}.

(2) AT is not an Armendariz ring since A is not an Armendariz ring
(since subrings of Armendariz rings are also Armendariz).
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